Abstract. Let G be a locally compact group, and let Φ be a Young function. In this paper, we give a sufficient and necessary condition for weighted translations on the Orlicz space L Φ (G) to be disjoint topologically transitive. This characterization for disjoint chaos follows from the investigation on disjoint transitivity immediately.
introduction
About one decade ago, Bernal-González, Bès and Peris introduced new notions of linear dynamics, namely, disjoint transitivity and disjoint hypercyclicity in [7] and [12] respectively. Since then, disjoint transitivity and disjoint hypercyclicity were studied intensely by many authors [8, 9, 10, 11, 27, 28, 29, 30, 35, 36, 37, 38, 40] . Indeed, the existence of disjoint hypercyclic operators on separable, infinitedimensional topological vector spaces was investigated by Shkarin and Salas in [37, 38] independently. Bès, Martin and Peris studied the disjoint hypercyclicity of composition operators on spaces of holomorphic functions in [8, 9] . The characterizations for weighted shifts and powers of weighted shifts on ℓ p (Z) to be disjoint hypercyclic and supercyclic were demonstrated in [11, 12, 30] respectively. In addition, the necessary and sufficient condition for sequences of operators, which map a holomorphic function to a partial sum of its Taylor expansion, to be disjoint universal was given by Vlachou in [40] . Kostić also studied disjoint hypercyclicity of C-distribution cosine functions and semigroups in [27, 29] . In the investigation of disjoint dynamics and disjoint hypercyclicity, the weighted shifts on ℓ p (Z) play an important role to provide concrete examples, which can be viewed as special cases of weighted translations on the Lebesgue space of locally compact groups. Hence the disjoint hypercyclicity on locally compact groups was investigated in [14, 15, 23] , which subsumes some works of disjoint dynamics on the discrete group Z in [11, 12, 30] . On the other hand, the study on linear chaos and hypercyclicity is recently extended from the Lebesgue space of locally compact groups to the Orlicz space in [2, 16] . The Orlicz space is a type of important function space generalizing the Lebesgue space. Based on and inspired by these works, our aim in this paper is to characterize disjoint chaos and disjoint transitivity for weighted translations on the Orlicz space of locally compact groups. These new notions, disjoint topological transitivity and disjoint hypercyclicity, are kind of generalizations of transitivity and hypercyclicity respectively. An operator T on a separable Banach space X is called hypercyclic if there exists x ∈ X such that the orbit of x under T , denote by Orb(T, x) := {T n x : n ∈ N}, is dense in X. It is known that hypercyclicity is equivalent to topological transitivity on X. An operator T is topologically transitive if given two nonempty open subsets
from some n onwards, then T is called topologically mixing. If T is topologically transitive and the set of periodic elements of T is dense in X, then T is chaotic. We first recall some definitions of disjointness in [7, 12] for further discussions.
is dense in X L ; if this is the case, then we say x ∈ X is a d-hypercyclic vector associated to the operators
For topological dynamics, several new notions were given accordingly in [12] as follows:
If the above condition is satisfied from some n onwards, then T 1 , T 2 , · · ·, T L are called disjoint topologically mixing (in short, d-topologically mixing). Linear chaos has attracted a lot of attention during last three decades. For instance, linear chaos on ℓ p (Z), L p (R) and L p (C) spaces, and other spaces were studied in [3, 5, 13, 20, 25, 26, 31] . To study linear dynamics systematically, we refer to these classic books [4, 21, 28] . Following the idea in [12] , the investigation of disjoint chaos was initiated recently in [18] . We formulate the definition of disjoint chaos below.
if they are disjoint transitive and the set of periodic elements, denoted by P(
Remark 1.4. According to the definition of disjoint chaos above, it should be noted that the operators T 1 , T 2 , ···, T L are disjoint chaotic if, and only if, they are disjoint transitive and each of them is chaotic separately.
In this paper, we will mainly give a necessary and sufficient condition for weighted translation operators on the Orlicz space of a locally compact group to be disjoint topologically transitive. We introduce Orlicz spaces briefly to begin our study. holds for x, y ≥ 0. Let G be a locally compact group with identity e and a right Haar measure λ. Then for a Borel function f , the set
is called the Orlicz space, which is a Banach space under the Luxemburg norm
The Orlicz space is a generalization of the usual Lebesgue space. Indeed, let Φ(t) = [39] . Weighted Orlicz algebras on locally compact groups were introduced and investigated in [32] , which generalized the group algebras. Hence it is nature to study linear chaos on the wider setting of Orlicz spaces. For more recent works and the textbooks on Orlicz spaces, we refer to [19, 22, 34] . It was showed independently in [1, 6 ] that a Banach space admits a hypercyclic operator if, and only if, it is separable and infinite-dimensional. Hence we assume that G is second countable and Φ is ∆ 2 -regular throughout. A Young function Φ is ∆ 2 -regular in [34] if there exist a constant M > 0 and t 0 > 0 such that Φ(2t) ≤ MΦ(t) for t ≥ t 0 when G is compact, and Φ(2t) ≤ MΦ(t) for all t > 0 when G is noncompact. For example, the Young functions Φ given by
are both ∆ 2 -regular in [2, 34] . If Φ is ∆ 2 -regular, then the space C c (G) of all continuous functions on G with compact support is dense in L Φ (G).
A bounded continuous function w : G → (0, ∞) is called a weight on G. Let a ∈ G and let δ a be the unit point mass at a. A weighted translation on G is a weighted convolution operator T a,w :
where w is a weight on G and
In what follows, we assume w, w
We note that if w ∞ ≤ 1, then T a,w ≤ 1 and T a,w is never transitive (hypercyclic). Also, T a,w is not transitive if a is a torsion element of G in [2] . An element a in a group G is called a torsion element if it is of finite order. In a locally compact group G, an element a ∈ G is called periodic (or compact) in [24] if the closed subgroup G(a) generated by a is compact. We call an element in G aperiodic if it is not periodic. For discrete groups, periodic and torsion elements are identical.
It was proved in [17] that an element a ∈ G is aperiodic if, and only if, for any compact set K ⊂ G, there exists some M ∈ N such that K ∩ Ka ±n = ∅ for all n > M. We will make use of the property of aperiodicity to achieve our goal. We note that [17] in many familiar non-discrete groups, including the additive group R d , the Heisenberg group and the affine group, all elements except the identity are aperiodic.
In Section 2, we will characterize disjoint transitivity of powers of weighted translations, generated by the weights and an aperiodic element, on L Φ (G) in terms of the weights, the Haar measure and the aperiodic element. Applying the result on disjoint transitivity, the characterization for powers of weighted translations to be disjoint chaotic follows.
disjoint transitivity
Before proving the result, we recall some useful observations on the norm N Φ . Let B ⊂ G be a Borel set with λ(B) > 0, and let χ B be the characteristic function of B. Then by a simple computation,
where Φ −1 (t) is the modulus of the preimage of a singleton t under Φ. Besides, the norm of a function f ∈ L Φ (G) is invariant under the translation by an element a ∈ G. We include the proof for completeness.
Lemma 2.1. ([16, Lemma 1])
Let G be a locally compact group, and let a ∈ G. Let Φ be a Young function, and let f ∈ L Φ (G). Then we have
Proof. By the right invariance of the Haar measure λ and the definition of the norm
we have
where t = xa −1 and dλ(t) = dλ(xa
Now we are ready to give and prove the main result.
Theorem 2.2. Let G be a locally compact group, and let a ∈ G be an aperiodic element. Let w be a weight on G, and let Φ be a Young function. Given some L ≥ 2, let T l = T a,w l be a weighted translation on L Φ (G), generated by a and a weight w l for 1 ≤ l ≤ L. For 1 ≤ r 1 < r 2 < · · · < r L , the following conditions are equivalent. admit respectively subsequences (ϕ l,r l n k ) and
N be disjoint transitive. Let K ⊂ G be a compact set with λ(K) > 0. By aperiodicity of a, there is some M such that K ∩ Ka ±n = ∅ for all n > M.
Let ε ∈ (0, 1), and let χ K ∈ L Φ (G) be the characteristic function of K. By the assumption of disjoint transitivity, there exist a vector f ∈ L Φ (G) and some m > M such that
In both cases, λ(A) <
) .
Similarly, put
Moreover, by Lemma 2.1, K ∩ Ka ±m = ∅ and the right invariance of the Haar measure λ, we arrive at
,
. Hence we have the preliminary estimates for the two sequences ϕ l,r l m , ϕ l,r l m , and the measures of the four sets A, B l,m , C l,m , D l,m .
Next, we will consider the other two weight conditions for 1 ≤ s < l ≤ L. Since
we have (Fs,m) )
.
That is,
Similarly, by
Finally, put
and
proving the condition (ii).
(ii) ⇒ (i). We show that T can pick f, g l ∈ C c (G) with f ∈ U and g l ∈ V l for l = 1, 2, · · ·, L. Let K be the union of the compact supports of f and all g l . Let E k ⊂ K and the sequences (ϕ l,n ), ( ϕ l,n ) satisfy condition (ii). Then we may assume ϕ l,r l n k <
as k → ∞, and
Hence lim k→∞ v k = f and lim k→∞ T
As in [14, Example 2.3, 2.4, 2.5], it is not difficult to find the weight satisfying the above weight condition on various locally compact groups (for instance, G = Z or G = R). For completeness, we include one example of Heisenberg groups only.
be the Heisenberg group which is neither abelian nor compact. For convenience, an element in G is written as (x, y, z). Let (x, y, z), (x ′ , y ′ , z ′ ) ∈ H. Then the multiplication is given by
and (x, y, z) −1 = (−x, −y, xy − z).
Let a = (1, 0, 2) ∈ H which is aperiodic. Given L ≥ 2, let w l be a weight on H for l = 1, 2, · · ·, L. Then a −1 = (−1, 0, −2) and the weighted translation
By Theorem 2.2, for 1 ≤ r 1 < r 2 < · · · < r L , the operators T 
One can obtain the required weight conditions by defining w : H → (0, ∞) as follows:
If the weighted translation T a,w l is generated by the same weight w l := w for l = 1, 2, · · ·, L in Theorem 2.2, then we have a simpler characterization of disjoint transitivity.
Corollary 2.4. Let G be a locally compact group, and let a ∈ G be an aperiodic element. Let Φ be a Young function. Given some L ≥ 2, let T = T a,w be a weighted translation on L Φ (G), generated by a and a weight w. For 1 ≤ r 1 < r 2 < · · · < r L , the following conditions are equivalent. admit respectively subsequences (ϕ r l n k ) and
are disjoint transitive if, and only if,
By strengthening the weight condition in Theorem 2.2, we can characterize disjoint mixing weighted translations on the Orlicz space L Φ (G).
Corollary 2.6. Let G be a locally compact group, and let a ∈ G be an aperiodic element. Let Φ be a Young function. Given some L ≥ 2, let T l = T a,w l be a weighted translation on L Φ (G), generated by a and a weight w l for 1 ≤ l ≤ L. For 1 ≤ r 1 < r 2 < · · · < r L , the following conditions are equivalent.
(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of Borel sets (E n ) in K such that λ(K) = lim n→∞ λ(E n ) and both sequences
Proof. The proof is similar to that of Theorem 2.2 by using the full sequence (n) instead of subsequence (n k ).
We end this paper by giving a sufficient and necessary condition for weighted translation on the Orlicz space L Φ (G) to be disjoint chaotic. From the observation in Remark 1.4, the characterization for single operator to be chaotic together with Theorem 2.2 will describe disjoint chaos. Hence, we recall a result in [16] below.
Theorem 2.7. ([16, Theorem 2] ) Let G be a locally compact group, and let a ∈ G be an aperiodic element. Let w be a weight on G, and let Φ be a Young function. Let T a,w be a weighted translation on L Φ (G), and let P(T a,w ) be the set of periodic elements of T a,w . Then the following conditions are equivalent.
(i) T a,w is chaotic on L Φ (G).
(ii) P(T a,w ) is dense in L Φ (G). admit respectively subsequences (ϕ n k ) and ( ϕ n k ) satisfying
Applying Theorem 2.2 and Theorem 2.7, one can obtain the following result directly, and therefore we omit its proof here. Theorem 2.8. Let G be a locally compact group, and let a ∈ G be an aperiodic element. Let Φ be a Young function. Given some L ≥ 2, let T l = T a,w l be a weighted translation on L Φ (G), generated by a and a weight w l for 1 ≤ l ≤ L. For 1 ≤ r 1 < r 2 < · · · < r L , the following conditions are equivalent.
(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of Borel sets (E k ) in K such that λ(K) = lim Remark 2.9. We note that the weight w given in Example 2.3 also satisfies the condition (ii) in Theorem 2.8.
